
CS 4501: Optimization

Shangtong Zhang shangtong@virginia.edu

Department of Computer Science

University of Virginia

Roadmap

1 What’s Optimization? 1

2 Warmup with Newton’s Method 2
Assignment 1 (10%): Implement Newton’s method . . . . . . . . . . . . . . . . . 5

3 Background for Projected Gradient Descent 6
Assignment 2 (15%): Math basics I . . . . . . . . . . . . . . . . . . . . . . . . . . 6

4 Projected Gradient Descent 6
Assignment 3 (10%): Implement projected gradient descent . . . . . . . . . . . . 8

5 Background for Mirror Descent 8
Assignment 4 (15%): Math basics II . . . . . . . . . . . . . . . . . . . . . . . . . 9

6 Mirror Descent 10
Assignment 5 (10%): Implement mirror descent . . . . . . . . . . . . . . . . . . . 11

7 Background for Proximal Gradient Descent 11

8 Proximal Gradient Descent 11
Assignment 6 (10%): Implement proximal gradient descent . . . . . . . . . . . . 13

Assignment 7: Final Project 13
Written part (5%): Derive chain rule for feedforward networks . . . . . . . . . . 13
Coding part (25%): Implement gradient descent for feedforward networks . . . . 13

1. What’s Optimization?

min
θ
f(θ)

A typical setting in AI and ML is that f is parameterized by θ.

• Regression, e.g., xi is a zip code, yi is house price

f(θ)
.
=

N∑
i=1

(gθ(xi)− yi)2
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• Classification, e.g., xi is an image, yi is a probability distribution over possible objects,
cat or dog?

f(θ)
.
=

N∑
i=1

L(gθ(xi), yi)

• Unsupervised learning, e.g., Large Language Model (LLM)

f(θ)
.
=

N∑
i=1

L(hθ2(gθ1(xi)), xi)

• Reinforcement learning, e.g., AlphaGo

f(θ)
.
= E

[
T∑
t=1

r(St, πθ(St))

]

2. Warmup with Newton’s Method

Find some x∗ such that f(x∗) = 0 with Newton’s Method.
How is Newton’s method related to optimization?

2
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Figure 1: Intuition behind Newton’s method (source)
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Figure 2: Newton’s method (source)

Newton’s method applied to the optimization problem

min
θ
f(θ)

θn+1 = θn −
f ′(θn)

f ′′(θn)
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Figure 3: Convergence proof (source)

What if θ is not a scalar?

• Computing Hessian is expensive → first-order methods

• Write things in a compact way → linear algebra
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3. Background for Projected Gradient Descent

• extended real function

• motivation of linear algebra (Section 3.1 of Gallier and Quaintance (2019))

• vector space (Section 3.2 of Gallier and Quaintance (2019))

• linear independence, subspaces (Section 3.4 of Gallier and Quaintance (2019))

• norms, inner product

• matrices (Section 3.6 of Gallier and Quaintance (2019))

• Euclidean space

• linear transformation

• extended real function

• convex set

• convex function

• differentiability

• closedness

• projection into convex set

• Lipschitz continuity

• orthogonal projections (Section 6.4)

4. Projected Gradient Descent

Problem:

min
x∈C

f(x)

Assumption 4.1 f is strictly convex and differentiable at every x ∈ C

Assumption 4.2 C is closed, and convex

Assumption 4.3 f is Lipschitz continous with a Lipschitz constant Lf
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Denote the optimal solution as x∗ and the optimal value as f∗. Define

f∗,k
.
= min

k=0,...,k
f(xk).

Algorithm:

xk+1 = PC
(
xk − tkf ′(xk)

)

Lemma 1 (fundamental inequality)

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − 2tk (f(xk)− f∗) + t2k
∥∥f ′(xk)∥∥2

Proof

‖xk+1 − x∗‖2 ≤
∥∥PC(xk − tkf ′(xk))− PC(x∗)

∥∥2
≤
∥∥xk − tkf ′(xk)− x∗∥∥2
≤‖xk − x∗‖2 − 2tk

〈
f ′(xk), xk − x∗

〉
+ t2k

∥∥f ′(xk)∥∥2
≤‖xk − x∗‖2 − 2tk(f(xk)− f∗) + t2k

∥∥f ′(xk)∥∥2
Polyak’s step size:

tk
.
=

{
f(xk)−f∗
‖f ′(xk)‖2

, f ′(xk) 6= 0,

1, f ′(xk) = 0

Theorem 2 (convergence with Polyak’s step size)

‖xk+1 − x∗‖2 ≤‖xk − x∗‖2,
lim
k→∞

f(xk) =f∗,

f∗,k − f∗ ≤
Lf‖x0 − x∗‖√

k + 1

Proof

‖xk+1 − x∗‖2 ≤‖xk − x∗‖2 − 2tk (f(xk)− f∗) + t2k
∥∥f ′(xk)∥∥2

=‖xk − x∗‖2 −
(f(xk)− f∗)2

‖f ′(xk)‖2

=‖xk − x∗‖2 −
(f(xk)− f∗)2

L2
f
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Telescoping yields

1

L2
f

k∑
n=0

(f(xk)− f∗)2 ≤ ‖x0 − x∗‖2 − ‖xk+1 − x∗‖2.

Moreover,

k∑
n=0

(f(xk)− f∗)2 ≥ (k + 1)(f∗,k − f∗)2

Fejer monotonicity (Definition 8.15, Theorem 8.16, and Theorem 8.17 of Beck (2017)) im-
plies limk→∞ xk = x∗.

1. convergence with dynamic step sizes (Section 8.2.4 of Beck (2017))

2. strongly convex case (Section 8.2.5 of Beck (2017))

5. Background for Mirror Descent

• dual space

• conjugate functions

– Fenchel’s inequality

– f = f∗∗

– conjugate gradient theorem

– Theorem 4.23

• L-smoothness

– Theorem 5.4

– descent lemma

– first order characterization

– second order characterization∗

• strong convexity

– first order characterization

– conjugate correspondence theorem

The conjugate of f is

f∗(y) = max
x
〈y, x〉 − f(x).
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Theorem 3 (first order characterization of strong convexity) The following claims
are equivalent.

(i) f is σ-strongly convex

(ii) f(y) ≥ f(x) + 〈∇f(x), y − x〉+ σ
2 ‖y − x‖

2

(iii) 〈∇f(x)−∇f(y), x− y〉 ≥ σ‖x− y‖2

Theorem 4 (first order characterization of L-smoothness) The following claims are
equivalent.

(i) f is L-smooth

(ii) f(y) ≤ f(x) + 〈∇f(x), y − x〉+ L
2 ‖x− y‖

2

(iii) f(y) ≥ f(x) + 〈∇f(x), y − x〉+ 1
2L‖∇f(x)−∇f(y)‖2∗

(iv) 〈∇f(x)−∇f(y), x− y〉 ≥ 1
L‖∇f(x)−∇f(y)‖2∗

(v) f(λx+ (1− λ)y) ≥ λf(x) + (1− λ)f(y)− L
2 λ(1− λ)‖x− y‖2

Theorem 5 (conjugate gradient theorem) Suppose f is convex, then the following claims
are equivalent.

(i) 〈x, y〉 = f(x) + f∗(y)

(ii) y = ∇f(x)

(iii) x = ∇f∗(y)

Proof

(ii)

⇐⇒ f(z) ≥f(x) + 〈y, z − x〉 ∀z
⇐⇒ 〈y, x〉 − f(x) ≥〈y, z〉 − f(z) ∀z
⇐⇒ 〈y, x〉 − f(x) ≥f∗(y)

⇐⇒ (i)

∇f∗(y) = arg max
x
{〈y, x〉 − f(x)}

Theorem 6 (conjugate correspondence theorem) Suppose f is convex. f is σ-strongly
convex w.r.t. ‖·‖ if and only if f∗ is 1

σ -smooth w.r.t. ‖·‖∗.

Proof

〈∇f(x)−∇f(y), x− y〉 ≥σ‖x− y‖2

〈x− y,∇f∗(x)−∇f∗(y)〉 ≥σ‖∇f∗(x)−∇f∗(y)‖2∗
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6. Mirror Descent

Problem:

min
x∈C

f(x)

Assumption 6.1 f is strictly convex and differentiable at every x ∈ C

Assumption 6.2 C is closed and convex

Bregman distance

Bw(x, y) = w(x)− w(y)− 〈∇w(y), x− y〉

Assumption 6.3 1. w is convex

2. w is differentiable

3. w + δC is σ-strongly convex

Projected Gradient Descent:

xk+1 =PC(xk − tkf ′(xk))

= arg min
x∈C

{
1

2

∥∥x− (xk − tkf ′(xk))
∥∥2}

= arg min
x∈C

{
1

2
‖x− xk‖2 +

1

2
t2k
∥∥f ′(xk)∥∥2 + tk

〈
f ′(xk), x− xk

〉}
= arg min

x∈C

{
1

2
‖x− xk‖2 + tk

〈
f ′(xk), x− xk

〉}
Mirror Descent:

xk+1 = arg min
x∈C

{
Bw(x, xk) + tk

〈
f ′(xk), x− xk

〉}
= arg min

x∈C
{w(x)− w(xk)− 〈∇w(xk), x− xk〉+ tk〈∇f(xk), x− xk〉}

= arg min
x∈C
{w(x)− 〈∇w(xk), x〉+ tk〈∇f(xk), x〉}

= arg min
x∈C
{〈tk∇f(xk)−∇w(xk), x〉+ w(x)}

=∇w∗(∇w(xk)− tk∇f(xk))

Theorem 7 (non-Euclidean second prox theorem) Suppose w and ψ are convex and
differentiable and dom(ψ) ⊆ dom(w), and w + δdom(ψ) is σ-strongly convex. For any b,
define

a
.
= arg min

x
{ψ(x) +Bw(x, b)}.

Then for any u, we have

〈∇w(b)−∇(a), u− a〉 ≤ ψ(u)− ψ(a).
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Proof

∇ψ(a) +∇w(a)−∇(b) =0,

〈∇w(b)−∇w(a), u− a〉 =〈∇ψ(a), u− a〉 ≤ ψ(u)− ψ(a).

Lemma 8 (fundamental inequality for mirror descent)

tk(f(xk)− f∗) ≤ Bw(x∗, xk)−Bw(x∗, xk+1) +
t2k
2σ

∥∥f ′(xk)∥∥2∗.
Proof

〈∇w(xk)−∇w(xk+1), u− xk+1〉 ≤ tk
〈
f ′(xk), u− xk+1

〉
.

By the three-points lemma (cf. 1
2‖x− y‖

2 = 1
2‖x− z‖

2 + 1
2‖z − y‖

2 + 〈x− z, z − y〉), we
have

Bw(u, xk+1) +Bw(xk+1, xk)−Bw(u, xk) ≤ tk
〈
f ′(xk), u− xk+1

〉
.

Convergence with fixed number of iterations (Section 9.2.2 of Beck (2017)) and dynamic
stepsize (Section 9.2.3 of Beck (2017)).

7. Background for Proximal Gradient Descent

• second prox theorem

• nonexpansivity

The proximal of x w.r.t. f is

proxf (x)
.
= arg min

u

{
f(u) +

1

2
‖x− u‖2

}

8. Proximal Gradient Descent

min
x
{F (x)

.
= f(x) + g(x)}

Projected Gradient Descent:

xk+1 =PC(xk − tkf ′(xk))

= arg min
x∈C

{
1

2

∥∥x− (xk − tkf ′(xk))
∥∥2}
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Proximal Gradient Descent:

xk+1 = arg min
x

{
tkg(x) +

1

2

∥∥x− (xk − tkf ′(xk))
∥∥2}

=proxtkg(xk − tkf
′(xk))

Define the prox-grad operator

T f,gL (x)
.
= prox 1

L
g

(
x− 1

L
f ′(x)

)
.

Then

xk+1 =T f,g1
tk

(xk)

=xk − tk
1

tk

(
xk − T f,g1

tk

(xk)

)
=xk − tkGf,g1

tk

(xk),

where the gradient mapping operator Gf,gL is defined as

Gf,gL (x)
.
= L(x− T f,gL (x)).

• Sufficent decrease (Section 10.3.1)

• Gradient mapping (Section 10.3.2)

• Nonconvex case (Section 10.3.3.)

• Convex case (Section 10.4)

• Strongly convex case (Section 10.6)

Theorem 9 (fundamental prox-grad inequality) Suppose

f(TL(y)) ≤ f(y) +
〈
f ′(y), TL(y)− y

〉
+
L

2
‖TL(y)− y‖2.

Then

F (x)− F (TL(y)) ≥ L

2
‖x− TL(y)‖2 − L

2
‖x− y‖2 + `f (x, y),

where

`f (x, y) = f(x)− f(y)−
〈
f ′(y), x− y

〉
.

Proof Consider the function

φ(u) = f(y) +
〈
f ′(y), u− y

〉
+ g(u) +

L

2
‖u− y‖2.
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Recall that

TL(y) =prox 1
L
g

(
y − 1

L
f ′(y)

)
= arg min

x

{
1

L
g(x) +

1

2

∥∥∥∥x− (y − 1

L
f ′(y))

∥∥∥∥2
}

= arg min
x

{
1

L
g(x) +

1

2
‖x− y‖2 +

1

2L2

∥∥f ′(y)
∥∥2 +

1

L

〈
f ′(y), x− y

〉}
= arg min

x

{
1

L
g(x) +

1

2
‖x− y‖2 +

1

L

〈
f ′(y), x− y

〉}
= arg min

x

{
g(x) +

L

2
‖x− y‖2 +

〈
f ′(y), x− y

〉}
= arg min

x
φ(x)

Then

φ(x)− φ(TL(y)) ≥ L

2
‖x− TL(y)‖2.
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